ABSTRACT A simple chaotic snap circuit based on a single transistor is presented with tunable damping. It suggests, at present, the simplest chaotic snap circuit in the sense that it requires only 9 devices, which offer the minimum number of devices for a chaotic snap circuit. It also suggests the first and simplest circuit realization of either a four-dimensional (4D) chaotic system or a 4th-order (snap) chaotic system that demonstrates a maximized attractor dimension (D L ) of a parameter set, or of the entire parameter space of the system, at minimized damping. The tendency of an increase in D L until its peak is illustrated by a decrease in damping. It offers the highest attractor dimension in a category of unit-damping snap chaos. As an initial report, a Clapp oscillator is able to exhibit 4D chaos but does not allow snap chaos. The proposed snap circuit embeds two simple mechanisms: (i) a Clapp oscillator as a simple core engine of oscillations avoiding a need for op-amps, and (ii) a single resistor as a remarkably simple realization of adjustable damping for snap chaos. A current-tunable equilibrium exhibits one of the 4 different types, two of which are of an (unstable) spiral saddle equilibrium, whereas the others are of a spiral stable equilibrium. They reveal the first report on either saddle-equilibrium or stable-equilibrium snap chaos based on a single transistor. Multistability and hidden attractors are demonstrated. The simple circuit offers a novel damping-tunable single-transistorbased approach to such rich dynamics of snap flows through various types of self-excited and hidden attractors.
I. INTRODUCTION
In low dimensional systems, three successive time derivatives of a variable (x) are known as (phase space) velocity (ẋ), acceleration (ẍ), and jerk ( ... x ) [1] , [2] . In high dimensional systems, a 4th-order time derivative, though no standard name, is often called snap ( .... x ) [2] , whereas a time derivative higher than the third is referred to as hyperjerk [3] . Both 'jerk' and 'snap' have increasingly entered the literature on, e.g., physics [4] , [5] and astrophysics [6] , [7] . Recently, not only chaotic jerk flows [2] , [8] - [10] , but also chaotic [11] - [13] and hyperchaotic [14] , [15] snap (or hyperjerk)
The associate editor coordinating the review of this article and approving it for publication was Cihun-Siyong Gong.
flows have attracted a lot of attention with rich dynamics, e.g., [16] , [17] and practical applications in engineering, e.g., mechanisms for intermittent motion [18] and robotic arms [19] .
For example, a four-dimensional (4D) chaotic system F with four variables (x, y, z, w) is described by a set of four coupled 1st-order ordinary differential equations (ODEs), which may be recast into a single 4th-order ODE of the form .... x = f (x,ẋ,ẍ, ... x ) called a snap (or hyperjerk) ODE. Such an ODE alternatively describes F with a 4th-order chaotic oscillation, called snap chaos, and therefore F also exhibits a chaotic snap system. Both a 4D chaotic system and, in particular, a chaotic snap system are of interest with three potentially attractive features as follows. The first feature is that damping, the dissipation of energy from oscillations, of a chaotic snap system is promptly revealed by a damping coefficient α, which is readily attached to a snap ODE of the form .... x = −α ... x − a 2ẍ − a 1ẋ − a 0 x + g(x,ẋ,ẍ), where α can be (+, 0, −) values of no variables for dissipative [3] , conservative [11] , and unbounded systems, respectively, or be a function of x [20] as may be found in hyperchaotic snap systems [14] , [15] . Unlike a snap ODE, a set of four coupled 1st-order ODEs of a 4D chaotic system does not directly attach α, but its damping can be further revealed to be α by the (negative) rate of a phase space expansion, i.e., α = −∇ • F = − Tr(J ) = − L i , where ∇ • F is the time-average divergence of the flow F [21] , Tr(J ) is the trace of the Jacobian matrix J averaged along the trajectory [2] , and L i is the sum of all Lyapunov exponents (LEs) [21] . As all LEs also allow the calculation of the Lyapunov (or Kaplan-Yorke) dimension D L [21] , which is also known as an attractor dimension [2] , [22] or a measure of complexity (strangeness) of an attractor [23] , the damping of either system is therefore vital to its D L . In this feature, a chaotic snap system may offer a better alternative in the sense that its damping coefficient (α) is readily available, whereas the damping of a 4D chaotic system is not.
The second feature is that, as damping takes a crucial role in oscillations ranging from undamped to linearly and nonlinearly damped oscillations [20] , [24] , the damping (or α) is not only adjustable for possible 4D (or snap) chaotic oscillations, but also tunable to a minimized value where a maximized attractor dimension (D L ) of a given parameter set may be possible while chaos is remaining. This is because a decrease in damping towards an integer, in the limit of zero damping, allows a phase space expansion (i.e., −α = ∇ • F for α > 0) and often results in the tendency of an increase in the dimension of the strange attractor [2] towards the largest D L of a given parameter set. Although the tendency of this kind has been referred to in rare examples of chaotic snap systems [3] , a circuit realization of either a 4D chaotic system or a chaotic snap system has however never been reported for such a tendency, nor has it been reported for a maximized attractor dimension of either a given parameter set or the entire parameter space of the system. Although a similar tendency has also been known in three dimensional (3D) chaotic flows, e.g., a damped forced pendulum [2] and [22] , their maximized attractor dimensions are however limited to only D L ≤ 3.
The third feature is that both a 4D chaotic system and a chaotic snap system (i.e., D L ≤ 4) are potentially with higher attractor dimensions (i.e., more complex [23] ) than a 3D chaotic system and a chaotic jerk system (i.e., D L ≤ 3). Such higher dimensions are potentially better well-suited to chaotic applications such as chaos-based secure communications [13] , [25] where higher complexity of chaos is preferable.
Despite three such attractive features, existing snap systems for either chaos or hyperchaos have however suffered from relatively complicated circuits with many op-amps and electronic devices. The main reason is because the implementation of a snap circuit has been traditionally based on, as it follows its snap ODE, a chain of cascaded integrators for a core engine of oscillations. As an integrator circuit is relatively complicated, the cascaded integrators therefore cannot be simple regardless of whether the snap ODE is simple or not. For example, a simple snap ODE [26] has required 14 devices with 6 op-amps for a very low D L at 2.6408, whereas a complicated snap ODE [14] has required 28 devices with 7 op-amps for a relatively low D L at 3.1573. In addition, a chaotic snap circuit without a need for cascaded integrators nor op-amps has never been found.
In particular, a chaotic snap circuit based on a single transistor has never been reported. Circuit simplicity based on a single transistor is an important issue, as it leads to fewer devices, a smaller size, less power consumption, and lower costs for chaotic applications. Although single-transistor chaotic circuits have been widely studied, e.g., in onedimensional non-autonomous circuits [27] , [28] , in atypical circuits without governed equations [29] , and in 3D [30] , [31] and 4D [32] circuits using a Colpitts oscillator, they are however not chaotic snap circuits, nor do they demonstrate a maximized attractor dimension of a given parameter set, or of the entire parameter space of the system. Although a Clapp oscillator [33] is also based on a single transistor with attractive simplicity, neither chaos nor snap chaos in a Clapp oscillator has been reported in the literature.
In addition, since the discovery of a hidden attractor in 2010 [34] , attractors have been separated into self-excited and hidden attractors depending on a basin of attraction, which is a set of initial points whose trajectories tend to the attractor. A self-excited attractor has its basin of attraction that overlaps with the neighborhood of an equilibrium, whereas a hidden attractor has its basin of attraction that does not [35] . For example, a chaotic attractor of a system with no equilibria [15] , [36] , [37] , with a line equilibrium [38] , or with a stable equilibrium [39] - [42] will be readily hidden, as the attractor cannot be found by initial points in the vicinity of the equilibrium.
In particular, the system with a stable equilibrium will also be readily multistable [43] , [44] as the attractor coexists with the point attractor. A stable-equilibrium system is therefore of interest as it exhibits not only a hidden attractor but also multistability, both of which are potentially applicable to, e.g., chaos-based secure communications. Examples of stable-equilibrium systems include 3D chaotic systems [39] - [41] , a 4D hyperchaotic system [45] , and a chaotic snap system [46] . They have however suffered from complicated circuit implementation. For example, the chaotic snap system [46] has required 30 electronic components for a very low value of D L = 2.2819.
On the one hand, it may reasonably conjecture that a simple snap circuit based on a single transistor will not be adequately realizable for hyperchaos, for which a more complicated circuit will be an expectable price to pay. On the other hand, it naturally leads to six motivating questions of whether a simple snap circuit based on a single transistor will be adequately realizable for (i) chaos, particularly with: (ii) a maximized attractor dimension (D L ) of a parameter set, (iii) a higher value of a maximized D L than that of the existing snap chaos which may be compared at the (relatively) similar damping, (iv) an initial report of 4D (no-snap) chaos in a Clapp oscillator, (v) an exploitation of a Clapp oscillator with simplicity for a chaotic snap circuit, and (vi) a first stableequilibrium system based on a single transistor.
In this paper, six novel solutions to such motivating questions are presented as follows. (i) The first and simplest chaotic snap circuit based on a single transistor is proposed with adjustable damping. (ii) It also appears to be the first and simplest circuit implementation of either a 4D chaotic system or a chaotic snap system that exhibits a maximized attractor dimension (D L ) of either a parameter set or the entire parameter space of the system, at minimized damping. The tendency of an increase in D L till the peak is demonstrated through a decrease in damping. (iii) It offers the highest attractor dimension in a category of unit-damping chaotic snap systems.
In addition, (iv) this paper initially reveals that a Clapp oscillator can demonstrate 4D (no-snap) chaos, but cannot exhibit snap chaos, nor does it allow a snap ODE despite its four energy-storage elements that could have enabled a simple snap circuit. In particular, a Clapp oscillator suffers from inefficiently tunable damping, which not only limits crucial roles of damping in 4D (no-snap) chaotic oscillations, but also disables snap chaos. (v) The proposed circuit employs a novel damping-tunable single-transistorbased approach to rich dynamics of snap flows using both a Clapp oscillator and a single resistor, without a need for cascaded integrators nor op-amps. (vi) The first report on either saddle-equilibrium or stable-equilibrium snap chaos that is based on a single transistor and a current-tunable equilibrium. Multistability and hidden attractors are demonstrated. The proposed simple circuit exhibits rich dynamics of snap flows through various types of self-excited and hidden attractors.
II. A SIMPLE SINGLE-TRANSISTOR-BASED CHAOTIC SNAP CIRCUIT WITH TUNABLE DAMPING A. TWO MECHANISMS TO CREATE A NEW CIRCUIT
With reference to the first and the fifth motivating questions (i.e., whether a simple snap circuit based on a single transistor will be adequately realizable for (i) chaos, particularly with: (v) an exploitation of a Clapp oscillator with simplicity for a chaotic snap circuit), such questions lead to two difficult problems. The first problem is how the exploitation can be feasible despite the fact that the Clapp oscillator itself, as will be shown, does not display snap chaos, nor does it provide a snap ODE. The second problem is, as damping involves oscillations, how a damping technique can be developed for snap chaos through the exploitation of the Clapp oscillator. With both problems in mind, the Clapp oscillator therefore stands at the center of the investigations in pursuit of an efficacious technique of damping for snap chaos.
The result of the investigations subsequently turns both difficult problems into two simple mechanisms, both of which jointly generate a novel, simplest, single-transistor chaotic snap circuit with tunable damping, as shown in Fig. 1 . The first mechanism embeds a Clapp oscillator as a much simpler core engine of oscillations, avoiding a traditional need for both cascaded integrators and many op-amps. The embedded Clapp oscillator consists of 7 devices, i.e., a transistor Q 1 , three capacitors C 1 , C 2 , C 3 , an inductor L, a current source I 0 , and a resistor R L . Note that R L includes the internal resistance of L, and I 0 may be replaced by a resistor. The second mechanism embeds a single resistor R C as a remarkably simple realization of tunable damping for, as will be shown, possible snap chaos, a maximized attractor dimension of a given parameter set, multistability, and rich snap flows through various types of self-excited and hidden attractors. The two mechanisms consist of 8 devices and power supplies V CC and V EE .
B. A NEW SET OF FOUR COUPLED 1ST-ORDER ODES
The circuit shown in Fig. 1 , as a new 4D chaotic system, is described by a new set of four coupled 1st-order ODEs as
where the collector current i C = I S exp (v C1 /nV T ) − 1 refers to the nonlinear term, I S is the saturation current of Q 1 , V T is the thermal voltage, n is the scaling factor, β = (i C /i B ) is the common-emitter current gain, i B is the base current, and i E is the emitter current.
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Let variables (X , Y , Z , W ), derivatives (Ẋ ,Ẏ ,Ż ,Ẇ ), constants (A, B, C, D, F), and a time ratio τ , be normalized dimensionless parameters defined as
where E and G are constants, t is time, and (τ L , τ C1 , τ C2 , τ C3 , τ C4 ) are time constants. The set of four coupled 1st-order ODEs in (1) can be transferred to a 4D normalized, dimensionless, dynamical model as
In addition, the circuit shown in Fig. 1 also exhibits a new chaotic snap system. It can be shown that the 4D dynamical model in (4) can be preliminary recast into an equation that combines a jerk form ... X = f X ,Ẋ ,Ẍ with the variable Y , as will be used later, as ...
where coefficients a 3 , a 2 , a 1 , b 0 and
and f 0 (X ) in (5) is a second-order ODE of the form
It can be shown that (5) can be further recast into a new single snap ODE of the form ....
where coefficients a 3 , a 2 , a 1 , a 1 , a 0 , b 1 and b 2 in (8) are also defined in (6) , and f 1 (X ) in (8) is a jerk ODE of the form
+ b 2 (9) In addition, if the snap ODE in (8) had been implemented for a circuit using traditionally cascaded integrators as always found in all existing chaotic snap circuits, the result would have been an undesirable circuit complicated by too many op-amps and devices, and therefore would not have been the simplest chaotic snap circuit as proposed in Fig. 1 .
The proposed circuit in Fig. 1 appears to be, at present, the simplest chaotic snap oscillator in the sense that it comprises only 9 devices (using 8 devices and V EE ), which become the minimum number for a chaotic snap circuit. This is because it is well-known in the literature that, for component counts, energy sources have been separated into two traditional groups. Firstly, a power supply that energizes the entire circuit has customarily been excluded from the component count, e.g., [8] , [29] , [47] , as all circuits commonly require such energy. Secondly, a source (either a voltage source or a current source) that is specifically (not commonly) required by the ODEs of the system has customarily been included in the component count, e.g., [15] . Following both traditional groups as two criteria, the component count of the proposed circuit is therefore 9 devices (i.e., 8 devices and V EE ) because:
1) The power supplies V CC and V EE are excluded from the component count as both energize the entire circuit. 
As (10) (8) and (9), and therefore is of the form
which is also equal to, as mentioned earlier
X averaged along the trajectory. By contrast, the similar damping is not readily attached to the set of four coupled 1st-order ODEs in (4), but requires a further reveal to be (11) by α = −∇ · F = − ∂Ẋ /∂X + ∂Ẏ /∂Y + ∂Ż /∂Z + ∂Ẇ /∂W averaged along the trajectory, where F refers to (4) . As mentioned earlier, a snap ODE therefore offers a better alternative in the sense that its damping coefficient (α) is readily available.
As will be described in Section II-H , α in (11) of the proposed oscillator is in contrast with an inefficiently tunable damping coefficient (α) of the Clapp oscillator, as α in (11) exhibits an efficiently tunable damping coefficient through the use of D in (11) . (11) could not have been efficiently tunable by D, and therefore all of the six novel solutions of the proposed snap oscillator in this paper could not have been realizable either.
E. A COMPARISON WITH A COMMON-COLLECTOR COLPITTS OSCILLATOR
Although the proposed chaotic snap oscillator in Fig. 1 nearly resembles a common-collector (CC) Colpitts oscillator [33] (which would have emerged in Fig. 1 if R C and C 3 had been replaced by open and short circuits, respectively), both oscillators are however not exactly the same. They are different not only by the two components R C and C 3 , but also by the circuit topology.
Another main difference is that the proposed oscillator in Fig. 1 is based on four energy-storage elements (C 1 , C 2 , C 3 and L) and is described by the 4th-order (snap) ODE in (8) , whereas the CC-Colpitts oscillator is based on three energy-storage elements (C 1 , C 2 , and L) and is described by a 3rd-order (jerk) ODE of the form ...
where coefficients a 3 , a 2 , a 1 , and b 1 in (12) are defined as shown in Table 1 in the column of the CC-Colpitts oscillator, and f 0 (X ) in (12) refers to the second-order ODE as shown in (7), but a 3 and b 1 in (7) are alternatively defined as shown in Table 1 in the column of the CC-Colpitts oscillator. It can be seen from (12) that the damping coefficient α of the CC-Colpitts oscillator is readily attached toẌ in (12) and (7) and therefore, unlike the damping in (11), it is of the form
For clarity, α in (13) is also included in Table 1 in the column of the CC-Colpitts oscillator. In Table 1 , ω n refers to the natural frequency and C T refers to the total effective-series capacitance. For purposes of comparison, Table 1 also adds a column of 'This paper: Snap Oscillator', which includes the coefficients a 3 , a 2 , a 1 , a 1 , a 0 and b 1 in (8), as defined in (6), and the damping coefficient α in (11) of the proposed chaotic snap oscillator. In Table 1 , coefficients a 2 and a 1 in (8) are also expressed in terms of Q 2 and gQ 2 , respectively, where g refers to an effective resistance and Q refers to a quality factor. It is evident from Table 1 that the proposed oscillator as in (8) is indeed different from the CC-Colpitts oscillator as in (12) .
F. A COMPARISON WITH A CLAPP OSCILLATOR
Although the proposed chaotic snap oscillator in Fig. 1 closely resembles a Clapp oscillator [33] (which would have emerged in Fig. 1 if R C had been removed), both oscillators are however not exactly the same. They are different not only by R C , but also by the circuit topology.
Another main difference is that the proposed oscillator in Fig. 1 (with R C ) is described by the 4D dynamical model in (4), which can be recast into a 4th-order (snap) ODE as shown in (8); whereas the Clapp oscillator (without R C ) is differently described by another 4D dynamical model of the
which cannot be recast into a 4th-order (snap) ODE. Although (14) of the Clapp oscillator is nearly similar to (4) of the proposed circuit, the difference is that (14) due to the removal of R C or R C → ∞. As a result, the single device R C in Fig. 1 , without which the snap ODE in (8) could not have been possible, demonstrates a remarkably simple realization of the snap ODE in (8) .
Although (14) of the Clapp oscillator cannot be recast into a 4th-order (snap) ODE, (14) can be recast into a 3rd-order (jerk) ODE in a similar form as (12) of the CC-Colpitts oscillator, but coefficients in (12) are alternatively defined as shown in Table 1 in the column of the Clapp oscillator. It can be shown that the damping of the 4D model in (14) and the damping coefficient of the jerk ODE in (12) , for the Clapp oscillator, are of the same form as shown in (13), which is also included in Table 1 in the column of the Clapp oscillator. It is evident from Table 1 that the proposed snap oscillator as in (8) is indeed different from the Clapp oscillator as in (12) .
A question may arise why a Clapp oscillator (i.e., Fig. 1 without R C ) does not enable a 4th-order (snap) ODE, whereas the proposed snap oscillator (i.e., Fig. 1 with R C ) does, despite the fact that both oscillators have the four similar energy-storage elements (C 1 , C 2 , C 3 and L). A key reason lies in the absence or the presence of R C whose effect on C 3 leads to the 3rd-order (jerk) ODE of the Clapp oscillator as shown in (12), or the 4th-order (snap) ODE of the proposed oscillator as shown in (8), respectively. Such an effect may be cursorily glanced from Table 1 , where values of C T of the three oscillators are also compared, as follows:
1) The CC-Colpitts oscillator (i.e., if R C and C 3 in Fig. 1 were an open and a short circuit, respectively) consists of three energy-storage elements (C 1 , C 2 , L) and C T is formed by a set of two effectiveseries capacitors (C 1 , C 2 ), as indicated by 1/C T = 1/
2) The Clapp oscillator (i.e., Fig. 1 without R C ) consists of four energy-storage elements (
and C T is formed by a set of three effective-series capacitors (C 1 , C 2 , C 3 ). On the one hand, C 3 (without R C ) is merely added in series with the existing set of the two effective-series capacitors (C 1 , C 2 ) of the CC-Colpitts oscillator, which is embedded in the Clapp oscillator, and therefore C 3 does not contribute to a 4th-order (snap) ODE, as shown in (12) . On the other hand, elements (C 1 , C 2 , L) of the embedded CC-Colpitts oscillator continue to dominate the main contribution in the Clapp oscillator as can be observed from both oscillators that they have the same forms of: (i) the 3rd-order (jerk) ODE, as shown in (12), (ii) an effective resistance g = 1/ ω 2 n C 1 C 2 R L , (iii) a quality factor Q = ω n τ L , and (iv) a damping coefficient α = 1 + (G/β)I s exp(X ), as shown in Table 1 . Both oscillators merely have different values of the coefficients and the natural frequency (ω n ), mainly due to the different value of C T .
3) The proposed chaotic snap oscillator in Fig. 1 con- sists of four energy-storage elements (
and C T is formed by, like the Clapp oscillator, a set of three effective-series capacitors (C 1 , C 2 , C 3 ). However, unlike the Clapp oscillator, C 3 (with R C ) contributes to the 4th-order (snap) ODE, as evidenced by (8) . In addition, as a simple cross verification, the jerk ODE in (12) of the Clapp oscillator can be derived from the ODE in (5) or (8) 
G. A SIMPLE REALIZATION OF A CORE ENGINE OF OSCILLATIONS WITHOUT A NEED FOR OP-AMPS
Although the proposed chaotic snap oscillator governed by (8) is different from the Clapp oscillator governed by (14) , Table 1 shows that both oscillators, unlike the CC-Colpitts oscillator, have the same value of C T , and therefore have the same value of the natural frequency ω n = 1/ √ LC T for a core engine of oscillations. As a result, the existing Clapp oscillator embedded in Fig. 1 demonstrates a particularly well-suited core engine of oscillations for the proposed single-transistor chaotic snap oscillator. Such a core engine avoids the traditional use of both cascaded integrators and many op-amps for a snap circuit, and therefore results in the simplest realization of a chaotic snap oscillator, as shown in Fig. 1 .
H. A SIMPLE REALIZATION OF EFFICIENTLY TUNABLE DAMPING
Another main difference is that the damping coefficient in (11) of the proposed oscillator, i.e., (2) due to the presence of R C ; whereas the damping coefficient in (13) of the Clapp oscillator, i.e., α = 1+0+(G/β)I s exp(X ), is not tunable by D = 0 due to the absence of R C in (2), or R C → ∞.
On the one hand, with R C in the proposed oscillator, values of D = 0 enable α in (11) to be efficiently tunable damping in the sense that a chaotic attractor dimension (D L ), as will be shown, can be tentatively increased while α is continuously decreased through an increase in R C (as other parameters are kept constant). Such efficiently tunable damping in (11) allows damping to play more crucial roles in oscillations. As a result, the resistor R C (in D) of the proposed oscillator enables not only the snap ODE in (8) , but also the efficiently tunable damping α in (11) . On the other hand, without R C in the Clapp oscillator, the value of D = 0 leads α in (13) to be inefficiently tunable damping in the sense that its (nosnap) chaos easily vanishes while α in (13) is varied through one of the components L, R L , and
. Unlike (11), such inefficiently tunable damping (without R C and D) in (13) does not allow damping to play more crucial roles in oscillations, nor does it allow snap chaos.
In other words, a change in G or β becomes impractical as it leads to inefficiently tunable damping in either (11) of the proposed oscillator, or (13) of the Clapp oscillator. Firstly, the change in G is impractical as either snap chaos in (8) of the proposed oscillator or no-snap chaos in (14) of the Clapp oscillator easily vanishes. This is because the
by L or R L alters all constants (A, B, C, D, E), whereas by C 1 alters the constant A, and therefore alters either constants (A, B, C, D, E) in (4) of the proposed oscillator − which also affects (8)− or constants (A, B, C, E) in (14) of the Clapp oscillator. Secondly, the change in β is impractical as it modifies the constant parameter of a transistor model. On the contrary, a change in R C of D enables the efficiently tunable damping α in (11) of the proposed snap oscillator in Fig. 1 , as R C does not alter other constants (A, B, C, E) in (4), and therefore snap chaos in (8) can remain while its attractor dimension can be changed by α (i.e., by R C in D). (11) shows that R C appears to be the only single device (in α) that does not belong to the Clapp oscillator. Consequently, the single device R C in Fig. 1 , without which the damping α in (11) could not have been efficiently tunable, demonstrates a remarkably simple realization of an efficacious technique of tunable damping.
III. 4D (NO-SNAP) CHAOS IN A CLAPP OSCILLATOR
As mentioned earlier, a Clapp oscillator does not enable a snap ODE and therefore does not exhibit snap chaos, whereas 4D (no-snap) chaos in a Clapp oscillator has never been reported in the literature. This section presents a first (introductory) report that 4D (no-snap) chaos in a Clapp oscillator is possible. Fig. 1 will show the Clapp oscillator, if R C is removed. Let transistor Q 1 be 2N2222, V T = 25.85 mV, V CC = V EE = 5 V, and I 0 is an adjustable current source LM334. Based on a PSpice transistor model, n = 1, I S = 14.34×10 −15 A, and β = 255.9. The 4D (no-snap) dynamical model in (14) of the Clapp oscillator is numerically simulated by using the Runge-Kutta integrator with a fixed step size of 0.001.
As an introductory example, a set of parameters with simulated values is shown in Table 2 . A set of initial conditions is h 0 = (X , Y , Z , W ) = (0, 0, 0, 0). Based on Table 2 (12), nor efficiently tunable damping, as shown in (13) . Such inefficiently no-snap chaos is therefore of less interest and is outside the scope of this paper. Other (no-snap) dynamics of the Clapp oscillator are omitted here.
IV. SADDLE-EQUILIBRIUM SNAP CHAOS BASED ON A SINGLE TRANSISTOR
For the first mechanism in Fig. 1 , the Clapp oscillator (which does not exhibit snap chaos but is embedded as a core engine of oscillations) employs the similar devices as described in Section III and the similar parameters as shown in Table 2 . For the second mechanism in Fig. 1 , the resistor R C (which enables the efficiently tunable damping in (11) for snap chaos) employs the value as shown in Table 2 . Both simulated and measured values are shown in Table 2 with an average error of 3.19%. The snap ODE in (8) is numerically simulated by the Runge-Kutta integrator with a fixed step size of 0.001. A set of initial conditions is h 0 = X ,Ẋ ,Ẍ , ... X = (0, 0, 0, 0).
A. A SPIRAL SADDLE EQUILIBRIUM
An equilibrium point of the snap ODE in (8) is
where
For a relatively large value of β, k 1 ∼ = 1 in (16) and k 2 ∼ = 0 in (17) , and therefore E 1 in (15) may not be conveniently tunable by either k 1 or k 2 , which is near a relatively constant value. Instead, E 1 is conveniently tunable by I 0 , as shown in (15), and therefore E 1 is a current-tunable equilibrium. Table 3 summarizes two Examples A1 and A2 of E 1 based on Table 2 . Example A1 employs I 0 = 3.2 mA and R C = 50 , whereas Example A2 employs I 0 = 2.4934 mA and R C = 35.6489 . In each example, eigenvalues (λ 1 , λ 2 , λ 3 , λ 4 ) of E 1 are two complex conjugate pairs having two positive real parts, as shown in Table 3 , and therefore E 1 is an (unstable) spiral saddle equilibrium with index 2. In Section IV-B, Example A1 will demonstrate the first report on saddle-equilibrium snap chaos that is based on a single transistor (i.e., with a self-excited attractor). In Section IV-C, Example A2 will demonstrate a 4D homoclinic orbit of the snap flow based on a single transistor. 
B. A SELF-EXCITED ATTRACTOR OF SNAP CHAOS
Based on Table 2 Table 3 , represent a self-excited attractor of the saddle-equilibrium snap chaos based on a single transistor. For better clarity, the attractor in Fig. 3(d) is alternatively shown in Fig. 4 on, e.g., an Ẋ , ... X plane. Based on Table 2 , Fig. 5 numerically shows a currenttunable bifurcation diagram of the maximum of X (X -max) Table 3 , Example A1 refers to a general case where E 1 is located off the attractor, as illustrated in Figs. 3(d) and 3(h) , whereas Example A2 refers to a specific case where E 1 intersects the attractor, as illustrated in Fig. 8 through a 4D homoclinic orbit [48] of the snap flow. For clarity, such a 4D orbit is separated into two 3D homoclinic orbits, as depicted in Fig. 8(a) on an [X ,Ẋ , ... X ] plane and Fig. 8(b) on an [X ,Ẍ , ... X ] plane. Each orbit clearly joins E 1 to itself, i.e., the unstable manifold (out-set) intersects the stable manifold (in-set). This yields a 4D homoclinic connection [48] and therefore (snap) chaos does exist.
D. A LOW ATTRACTOR DIMENSION AT HIGH DAMPING
Example A1 also demonstrates a particular example where the value of the damping coefficient in (11) is relatively high at α = − Tr(J ) = − L i = 4.80454, and therefore results in a relatively low value of the attractor dimension at D L = 2.15159, where the spectrum of LEs is (L 1 , L 2 , L 3 , L 4 ) = (0.24899, 0, −1.64245, −3.41108) at I 0 = 3.2 mA. Note that (11) becomes a constant at α = 4.80454 despite the variable X because, as mentioned earlier, the trace of the Jacobian matrix J or Tr(J ) is numerically averaged along the trajectory.
For clarity, let all spikes of D L in Fig. 7 be temporarily ignored. Fig. 7 suggests that, as damping remains relatively high near α ∼ = 4.80454 based on Table 2 , values of D L remain Fig. 9 shows that, at the relatively high damping α = 4.80454, the relatively low attractor dimension D L = 2.15159 is comparably illustrated by a simple occupied-space pattern, called e.g., a line-like pattern, which apparently occupies a thin-line space on each cross section.
E. A MAXIMIZED ATTRACTOR DIMENSION AT MINIMIZED DAMPING
On the contrary, this section shows two examples B1 and B2 where the values of damping are relatively low and therefore result in the relatively high values of an attractor dimension. Example B1 employs the transistor model of 2N2222 with β = 255.9, and the parameter set as shown in Table 2 , but R L = 22
and I 0 = 6.1 mA. Based on Example B1, Fig. 10(a) , a line-to-surface-like pattern (D L = 2.3559) in Fig. 10(b) , a surface-like pattern (D L = 3.1604) in Fig. 10(c) , to a maximized-surface-like pattern (D L = 3.2793) in Fig. 10(d) of the given parameter set in Example B1. Note that Fig. 10(d) refers to the maximized pattern in Example B1 because, as will be identified in Figs. 11 and 13 , D L = 3.2793 in Fig. 10(d) refers to the maximized attractor dimension of the given parameter set in Example B1. It is clear in Example B1 that the maximizedsurface-like pattern in Fig. 10(d) at the maximized value of ignored, and therefore Fig. 11 suggests that the decrease in damping towards an integer of α = 1.0 results in the tendency of the increase in D L towards a maximized attractor dimension (at D L = 3.2793) of the given parameter set in Example B1. Based on Fig. 11 and the Wolf algorithm [21] , Fig. 12 illustrates the corresponding spectrum of LEs (L 1 , L 2 , L 3 , L 4 ), ordered from large to small values in the form of (+, 0, −, −) for (snap) chaos, versus the damping coefficient α (Damping: Alpha) in (11) , from α = 1.0 to 14.0. Unlike Fig. 6, Fig. 12 shows that, for the decrease in damping towards α = 1.0, the tendencies of increases in both L 3 and L 4 are clearly evident, and therefore lead to the tendency of the increase in D L , as shown in Fig. 11 .
For clarity, Fig. 13 is a blow-up of D L in Fig. 11 in the vicinity of the maximized D L , from α = 1.15 to 1.21.
To ensure that chaos is neither transients nor numerical artefacts, each calculated D L is recorded after sufficiently large time until t = 2×10 6 with an adaptive step size (time step ≤ 0.001). Based on Example B1, conclusions can be drawn from Fig Alternatively, Example B2 develops a computerized technique of an intensively numerical search for the grand maximized attractor dimension of the entire parameter space of the system. The search employs ranges of values and step sizes (or numbers of samples) of all parameters in the seven- Table 4 , using the transistor model of 2N2222 with β = 255.9. Another parameter V EE = 5 V is, at present, kept as a constant and therefore is excluded from such a search. In order to avoid excessively long time of computationally intensive search, only 15 values of R C are sampled, e.g., at (30, 50, 70, 90 , 100, 250, 500) , and (1,5, 10, 20, 50, 100, 110, 200) k .
As a result of such an entirely 7D search, the grand maximized attractor dimension is found at D L = 3.28156 where the corresponding grand minimized damping is found at α = 1.05121 using R C = 5 k , R L = 50 , C 1 = 11 nF, C 2 = 1 nF, C 3 = 51 nF, L = 60 µH , and I 0 = 3 mA. The spectrum of LEs is (L 1 , L 2 , L 3 , L 4 ) ∼ = (0.41837, 0.000256, −0.00665, −1.46319).
F. A COMPUTERIZED SEARCH FOR HYPERCHAOS
For the entirely 7D parameter space of the system, Example B2 develops the computerized technique of an intensively numerical search not only for the grand maximized attractor dimension (D L ) as presented in Section IV-E, but also for hyperchaos to be presented in this section.
The computerized search for hyperchaos is separated into three cases. The first case employs β = 255.9 in Example B2 based on Table 4 , whereas the second case employs β → ∞ (i.e., i B → 0) in Example B2 based on Table 4 . The third case is another computerized search for hyperchaos in Example B3 based on an expansion of Example B1 using 1 ≤ β ≤ 301 and the step size of 3 for β. In each case, the resulting search however finds no hyperchaos. The results of three such cases support the conjecture mentioned earlier that a simple snap circuit based on a single transistor will not be adequately realizable for hyperchaos, for which a more complicated circuit will be an expectable price to pay.
G. FOUR DYNAMICAL REGIONS
With reference to Example B1, Fig. 14 shows four-coloured wing-shaped dynamical regions of (8) A green region refers to stable point attractors. In this case, the (green) stable point attractors, unlike Section V-B where a stable equilibrium exhibits multistability and hidden attractors, do not exhibit multistability nor hidden (coexisting) attractors. In addition, a white region refers to unbounded solutions.
It can be observed from Fig. 14 that, near α = 1, four main barriers are formed along 0 mA ≤ I 0 ≤ 10 mA as follows:
1) The first barrier is along 0 mA ≤ I 0 < 0.6 mA, where the green region (stable point attractors) forms the barrier between the (lower) white region (unbounded solutions) and the (upper) green region (stable point attractors). 2) The second barrier is along 0.6 mA ≤ I 0 < 5.0 mA, where the aqua region (periodic solutions) forms the barrier mainly between the (lower) white region (unbounded solutions) and the (upper) small black region (snap chaos with D L ≤ 3.0). 3) The third barrier is along 5.0 mA ≤ I 0 < 7.2 mA, where the aqua region (periodic solutions) forms the barrier mainly between the (lower) white region (unbounded solutions) and the (upper) red region (snap chaos with 3 < D L ≤ 3.28156). Notice that the third barrier in the aqua region also accommodates a tinythin straight line in green (stable point attractors) at α = 1 along 5.5 mA ≤ I 0 < 7.2 mA. 4) The fourth barrier is along 7.2 mA ≤ I 0 ≤ 10.0 mA, where the aqua region (periodic solutions) forms the barrier mainly between the (lower) white region (unbounded solutions) and the (upper) tiny-thin red line (snap chaos with 3 < D L ≤ 3.28156). Above the tiny-thin red line is another white region (unbounded solutions). 5) Either the second or third barrier reveals that, as α is reduced and approaches unity, i.e., α → 1 (D → 0), for 2.8 mA ≤ I 0 ≤ 7.2 mA, snap chaos with 3 < D L ≤ 3.28156 (the red region) suddenly collapses into other regions, mainly into the aqua region (a periodic solution). In a similar manner, such a collapse is also illustrated in Fig. 13 at I 0 = 6.1mA as α → 1 (D → 0). Consequently, as α → 1 (D → 0) along 0 mA ≤ I 0 ≤ 10 mA, the four main barriers in Fig. 14 successively form a threshold of damping, which does not allow snap chaos, and therefore reveals that, in a similar manner to Fig. 13 , the Clapp oscillator (i.e., Fig. 1 without R C ) , into which the proposed circuit turns at D = 0, does not exhibit snap chaos. In particular, Fig. 14 also depicts that the larger values of an attractor dimension (i.e., the red region of snap chaos with 3 < D L ≤ 3.28156) mostly appear at the lower values of damping (Alp), e.g., nearer to α ∼ = 1; whereas the lower values of an attractor dimension (i.e., the black region of snap chaos with D L ≤ 3.0) mostly appear at the higher values of damping (Alp), e.g., further beyond α ∼ = 1.
H. A COMPARISON OF UNIT-DAMPING SNAP CHAOS
As described in Examples B2, for the entirely 7D parameter space, the value of the minimized damping is near unity (i.e., α = 1.05121) for the value of the maximized attractor dimension. For simplicity, let such near-unity damping be included in a category of unit-damping snap chaos whose α = 1 or α ∼ = 1. Table 5 shows direct and indirect comparisons in the upper and lower parts of Table 5 , respectively, for the number (No.) of electronic devices and the attractor dimension (D L ). Both parts are separated by a middle line.
The upper part of Table 5 shows direct comparisons between the proposed oscillator and 10 examples of existing chaotic snap systems [3] , [11] , [13] , [26] in the similar category of unit-damping (α = 1 or α ∼ = 1) snap chaos for autonomous cases. Such direct comparisons reveal that this paper offers not only the first simplest chaotic snap circuit based on a single transistor with only 9 electronic devices, but also the highest attractor dimension in the category of unit-damping snap chaos at D L = 3.28156. In addition, the proposed chaotic snap oscillator demonstrates a wide range of damping-adjustable attractor dimensions, ranging from D L = 2.15159 in Example A1 to D L = 3.28156 in Example B2.
The lower part of Table 5 shows indirect comparisons between the category of unit-damping snap chaos (the upper part of Table 5 ) and six other related categories, e.g., snap hyperchaos [3] , [14] - [16] , unit-damping snap chaos in a nonautonomous (N-AT) case [3] , fractional-unit-damping snap chaos (α = 0.25) [3] , 4D (Non-Snap: NS) chaos [49] , 4D (NS) hyperchaos [49] , [50] , and non-unit-damping snap chaos [25] , [46] . Although such indirect comparisons are not necessary due to unfair comparisons of different categories, they casually suggest examples of wider surveys of the number (No.) of electronic devices and D L found in other related categories. For example, although the attractor dimension D L = 3.40 of the 4D (NS) chaotic system in [49] is 3.6% higher than D L = 3.28156 of the proposed system, it however requires 35 devices in [49] , which are 288% higher than 9 devices of the proposed system. This is because the 4D (NS) chaotic system in [49] has been based on many cubic and quadratic terms of nonlinearity with 8 multipliers and many devices; whereas the proposed oscillator is based on a single transistor capable of many nonlinear terms as shown in (8) .
I. SUSTAINED SNAP CHAOS WITH A SELF-EXCITED ATTRACTOR
In Example A1, Fig. 3(h) shows the experiment that ensures sustained snap chaos, which is neither (long) transient chaos nor numerical artefacts. In addition, sustained snap chaos with a self-excited attractor may also be ensured through the use of two computerized tests as follows.
The first test assesses whether the snap chaos is a selfexcited attractor whose basin of attraction intersects with an open neighbourhood of the equilibrium point. Such a selfexcited attractor is verified if its solution can be ejected from initial points chosen in a tiny vicinity of the equilibrium point. The second test assesses whether the self-excited attractor of the snap chaos can be sustained on the attractor through a relatively long-time numerical solution, e.g., with at least 1 × 10 8 iterations and the step size ≤ 0.005, corresponding to a time of t ≥ 5 × 10 5 . Such long-time snap chaos may be considered as sustained snap chaos as its trajectory is still rotating chaotically on the attractor and is neither escape to infinity nor shrink to an equilibrium. Although the second test is a preliminary test at least up to t = 5×10 5 in order to avoid excessively long computational time, the test is appropriate for a system that can be converged (or the trajectory can be on the attractor) relatively fast, like the proposed snap oscillator. Nonetheless, a system that converges slowly may further require a longer time of t ≥ 1 × 10 8 , which helps to further ensure the sustained chaos.
For example, the first and second tests can be demonstrated through Fig. 3(d 
V. STABLE-EQUILIBRIUM SNAP CHAOS BASED ON A SINGLE TRANSISTOR
The proposed oscillator demonstrates not only the first saddle-equilibrium snap chaos based on a single transistor, as demonstrated in Section IV, but also the first stableequilibrium snap chaos based on a single transistor to be demonstrated in this Section. The former exhibits self-excited chaotic attractors, whereas the latter exhibits hidden chaotic attractors and multistability through Examples C1 and C2 in this Section.
A. A SPIRAL STABLE EQUILIBRIUM
For the entire parameter space of the system, Example C1 employs a computerized technique of an intensively numerical search for a hidden attractor as well as for a self-excited attractor, each of which is of snap chaos based on a single transistor. Such a computerized search for both self-excited and hidden attractors is based on an existing technique [51] . In a similar manner to Example B2, the search in Example C1 employs similar ranges of values and step sizes (or numbers of samples) of all parameters in the 7D space of Table 4 , using the transistor model of 2N2222 with β = 255.9; whereas only 15 values of R C are sampled, e.g., at (30, 50, 70, 90 , 100, 250, 500) , and (1, 5, 10, 20, 50, 100, 110, 200) 
As a result of such an entirely 7D search, a large number of possible values of a stable equilibrium E 2 are found. For example, Example C1 shows snap chaos based on a single transistor at a stable equilibrium . Example C1 appears to be the first report on stable-equilibrium snap chaos that is based on a single transistor.
B. MULTISTABILITY AND HIDDEN ATTRACTORS
In Example C1, the proposed chaotic snap oscillator exhibits not only multistability, but also hidden attractors. Fig. 15 illustrates multistability where three colored coexisting attractors, as enlarged in the inset in the vicinity of the stable equilibrium E 2 , are a self-excited point attractor in red, a hidden periodic attractor in green, and a hidden chaotic attractor in light-blue, at three different areas on the same X ,Ẋ ,Ẍ plane. They are coexisting attractors because they employ the same parameter set, as shown in Example C1, but employ three different sets of initial conditions that lead to multistability. The first set of initial conditions is h 01 = (27, −3, −3, 3) for the (red) self-excited point attractor. The second set is h 02 = (25, 1, −1, 1) for the (green) hidden periodic attractor. The third set is h 03 = (27, 5, 5, 1) for the (light-blue) hidden chaotic attractor.
It is apparent from the inset in Fig. 15 that the (red) self-excited point attractor is indeed spirally terminated at its spiral stable equilibrium E 2 , because all eigenvalues of E 2 have negative real parts and therefore all trajectories that come close to, or start at, a small neighborhood of E 2 will be attracted to E 2 . It can be shown that, as suggested in the inset in Fig. 15 , the basin of the (red) self-excited point attractor thoroughly surround the small neighborhood of the stable equilibrium E 2 , and therefore the basin of neither the (green) periodic attractor nor the (light-blue) chaotic attractor overlaps with the neighborhood of E 2 . Consequently, both the (green) periodic and the (light-blue) chaotic attractors are indeed hidden.
C. SUSTAINED SNAP CHAOS WITH A HIDDEN ATTRACTOR
In a similar manner to the self-excited attractor in Section IV-I , sustained snap chaos with a hidden attractor may also be ensured through the use of two computerized tests. The first test assesses whether the snap chaos is a hidden attractor whose basin of attraction does not intersect with the open neighbourhood of the equilibrium point. Such a hidden attractor is verified if its solution cannot be ejected from initial points chosen in a tiny vicinity of the equilibrium point, but can be ejected from initial points chosen elsewhere outside the tiny vicinity of the equilibrium point [51] . The second test assesses whether the hidden attractor of the snap chaos can be sustained on the attractor through a relatively long-time numerical solution, as described in Section IV-I . In Example C1, either the (green) hidden periodic attractor or the (light-blue) hidden chaotic attractor, as shown in the inset of Fig. 15 , follows and satisfies both tests for the hidden attractors. The second test, as the proposed snap oscillator converges relatively fast, employs 1 × 10 8 iterations and the step size = 0.005, corresponding to t = 5 × 10 5 .
D. STABILITY ANALYSIS
For stability analysis of an equilibrium E 3 , Example C2 employs the parameter set similar to Example C1, but two parameters R C and I 0 are varied on an [R C , I o ] plane using 1 ≤ R C ≤ 400 and 1 mA ≤ I 0 ≤ 10 mA, as shown in Fig. 16 . Note that an area on such a plane can be referred to as a voltage area. As shown in (15) , E 3 = X ,Ẋ ,Ẍ , ... X = (X 1 , 0, 0, 0) is a current-tunable equilibrium. Although R C does not change E 3 , R C does change the stability of E 3 as R C appears in the Jacobian matrix and the eigenvalues. Based on Example C2, E 3 exhibits one of the four possible types of an equilibrium. Fig. 16 illustrates the four possible types of E 3 using four colored regions of stability in yellow, cyan, For the first possible type of E 3 , the yellow region in Fig. 16 refers to Fig. 17(a) at where four eigenvalues of E 3 are approximately located. Fig. 17(a) shows that the eigenvalues are two complex conjugate pairs having two positive real parts, and therefore E 3 is an (unstable) spiral saddle equilibrium with index 2 (or denoted as Unstable 1). In the first type, E 3 is represented by E 1 of Examples A1. For the second possible type of E 3 , the cyan region in Fig. 16 refers to Fig. 17(b) at where four eigenvalues of E 3 are approximately located. Fig. 17(b) shows that the eigenvalues are two negative real values and a complex conjugate pair having two positive real parts, and therefore E 3 is an (unstable) spiral saddle equilibrium with index 2 (or denoted as Unstable 2).
For the third possible type of E 3 , the orange region in Fig. 16 refers to Fig. 17(c) at where four eigenvalues of E 3 are approximately located. Fig. 17(c) shows that the eigenvalues are two complex conjugate pairs having all negative real parts, and therefore E 3 is a spiral stable equilibrium (or denoted as Stable 1). For the fourth possible type of E 3 , the green region in Fig. 16 refers to Fig. 17(d) at where four eigenvalues of E 3 are approximately located. Fig. 17(d) shows that the eigenvalues are two negative real values and a complex conjugate pair having all negative real parts, and therefore E 3 is a spiral stable equilibrium (or denoted as Stable 2). In the fourth type, E 3 is represented by E 2 of Example C1.
Consequently, the proposed single-transistor chaotic snap oscillator offers rich dynamics through the four possible types of an equilibrium E 3 , as shown in Figs. 16 and 17, the multistability of three different types of attractors, as shown in Fig. 15 , and the seven various types of self-excited and hidden attractors as follows:
1) the self-excited chaotic attractor in red in Fig. 14 (for 3 < D L ≤ 3.28156), 2) the self-excited chaotic attractor in black in Fig. 14 ( for D L ≤ 3.0), 3) the self-excited periodic attractor in aqua in Fig. 14,  4 ) the self-excited stable point attractor in green in Fig. 14 without multistability through hidden attractors, 5) the hidden chaotic attractor in light-blue in Fig. 15,  6 ) the hidden periodic attractor in green in Fig. 15, and  7 ) the self-excited stable point attractor in red in Fig. 15 with multistability through hidden attractors.
VI. CONCLUSIONS
A novel and simplest chaotic snap circuit based on a single transistor is presented with adjustable damping. The circuit is, at the time of writing, the simplest chaotic snap oscillator in the sense that it consists of only 9 electronic devices, which are apparently the minimum number of devices for a chaotic snap circuit. This also reveals the first and simplest circuit realization of either a 4D chaotic system or a chaotic snap system that displays a maximized attractor dimension of a given parameter set, or of the entire parameter space of the system. The increase in the attractor dimension of the snap chaos is illustrated by the decrease in damping, and therefore results in a larger occupied space of the chaotic attractor by a simple circuit based on a single transistor. The circuit also exhibits the highest attractor dimension at D L = 3.28156 in a category of a unit-damping chaotic snap system. It is initially reported that the Clapp oscillator may exhibit 4D chaos but cannot exhibit snap chaos. Two simple mechanisms are embedded to create the proposed chaotic snap oscillator using a Clapp oscillator and a single resistor. Despite the fact that a Clapp oscillator alone does not exhibit snap chaos, nor does it allow a snap ODE, the embedded Clapp oscillator enables a simple core engine of oscillations without a traditional need for cascaded integrators nor op-amps, whereas the embedded single resistor enables a remarkably simple realization of adjustable damping. Both simple mechanisms allow a new damping-adjustable singletransistor-based approach to a maximized attractor dimension at minimized damping of a given parameter set, or of the entire parameter space of the system. The proposed oscillator differs not only from an existing CC-Colpitts oscillator, but also from an existing Clapp oscillator.
Stability analysis shows that a current-tunable equilibrium of the proposed oscillator displays one of the four different types, two of which reveal the first report on saddleequilibrium snap chaos based on a single transistor, whereas the other two reveal the first report on stable-equilibrium snap chaos based on a single transistor. Hidden attractors and multistability are illustrated. The proposed simple chaotic snap circuit demonstrates rich dynamics through its maximized attractor dimension, the four possible types of an equilibrium, the multistability, and the seven various types of self-excited and hidden attractors. 
